
~ah�i`ÆHeron�--d��{
.

Eric C. Chi Kenneth Lange�� M[4|�tC-?b (Amer. Math. Monthly)��b,mMordukho-

vich, Nam H Salinas +4{�B�1) �u�$'�8!+fT"�$�Xam4;;�+��B6\. Heron (Fo) ����N$m�B [22]. B6 Heron���295 Euclid (zPj*) 5+ R
d I</+ k + 1 ;��O�2��MJ4;OII.CF1+-5H<�)~ k ;OI`g+KH�M(+��J,>NINE=Z4 �Bm Heron ���6e}�+S��0℄}hp�*��2X�O�$m%�1Æ4��Fj� u#&GW1J�>	����Ek9RÆ�RI:K –N(K (majorization- minimization, U" MM) >AH�M8+L�Q�� uyA2�X+ Euclid 
+B6 Heron���V4;7!d+Æ4�

1. ���*M�*mQ Mordukhovich n 3 %k[����hj��x Heron �rPHQ,!�8 [22]. 
 R
d 0'|�~ {C1, . . . , Ck}, 
�~ S ⊂ R

d 0N�v x, HiS
x e C1, . . . , Ck k Euclid &?HEM2�e�

minimizeD(x) :=

k
∑

i=1

d(x, Ci) I�T x ∈ S, (1)�0 d(x,Ω) = inf{‖x− y‖ : y ∈ Ω}.�$�rkqHt:`��MGPS([5nX�7)Jk�b k = 2 E�. C1E C2 P`�a�S P[w)��PMGt1℄\Kr Alexandria k Heron qHk�r��nX�7 k = 3,, C1, C2 E C3 P`�a�S = R
2,�$�rP Fermat ( Fermat)
 400{�qH)t Torricelli (�A6B) [13] (k�
hk`� “[\k�`|mq”0�Simpson (8�3) �&?�8es�&?�
 19 No�Steiner (Dkw) 
��lPHQ[5^KAk,'�hkoGvE| [9, 11] 0k�r+H��e 20 No�h:�jKr Weber � Fermat �r�8e'd\Pk`�a Ci. 
 1937 { Weiszfeld �&Q( Fermat-Weber �r [28, 29] ks[$z℄ 2). 
b�E℄�
&4kos!�Fermat-Weber �rie(Zk�<��$�rbd+4k`?�|��`0EiF�The Amer. Math. Monthly, Vol.121 (2014), No.2, p.95–108, A Look at the Generalized

Heron Problem through the Lens of Majorization-Minimization, Eric C. Chi and Kenneth
Lange, figure number 3. Copyright c©2014 the Mathematical Association of America. Re-
printed with permission. All rights reserved. i;℄L6ZW{i�I�F0�
Eric C. Chi y 2011 |� David W. Scott l(d"\j*ML��tQb4Rt7[L&>^NL l*MO�ilu,r&Q ecchi@ucla.edu.
Kenneth Lange Qb4Rt7[Lld^NLl Rosenfeld �Q�W�YQ&>^NL 9(FA�℄L}|lLl�W�ilu,r&Q klange@ucla.edu

1) |�+ 2012 |t 3 �� “����ÆÆ9f>_�s”.—— "=
2) Kuhn [15] (I�Weiszfeld ldÆa�6:�&RChR�—— �=
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�"fq= [18, 30] kH�v�:ok Fermat-Weber E8e Heron �r#vk4��#Pt Mordukhovichn'Hk [23]. 
fNk`� [21, 23] 0�hj� Heron �r�[-�8e
 Banach (ÆuJ)3vk'd��C1, . . . , Ck E S. 4x,GBqM#�k$���)%:(F0>Kk8e Heron �r���/1-hjk`���A��j*Q�t Mordukhovichn%
 [23]0qHk Euclid&?knX�7��jkskPS<kk��	Q,[!�$x`�a
�j,:�wM02k�r�
Mordukhovich n%
�� [21, 22, 23] 0qHQ[4z℄Qo��\%��r (1)d��8>K�4x�k�r�hj*�Zs%A\k~Aku<�
�j,:�P[$��kJÆ�OF5�b Euclid�\vW?'d�\E�Qo��8Rq� 	�[$KE k�rP�,<�(x�b Euclid &?kv(�r�P�v/zv(BkJÆ�
�A��jqk{k0krS – b2S (MM) ��qHQ[$�8k Weiszfeld�e 9%vzUk8" Weszfeld k	jA [15], �xr/by=	"~�r (1) ie(�
��k�z.���j>#�8e Heron �r�
b(�7!��j59XeÆ"~�r��,��kvU�Bq[$�rknX�/P%ik��v
Euclid &?k�r�9k MM 
kb�5ZZrxQo��q MM ��:9~�rVv�hBL�7Q�rk MM kSKA
�`5P+)k��[OFH�jz0+�;x�mk+/	A\k~��L�bd+mkQo�)%� /bn�S��rk�e �$\K"G�>P2|%iK�k�%i<dkPx`k)%/�iKZk�-�/�kP�jg�Lk\%��r (1) k&%n2kz℄i�P
�xk	`��
#y��jk��*V��.℄).\K?Z"G z��x�H�b!�
k
~��jV#X2 MM ��k��/SE/	A\k~����QPqHQ���r (1) k MM k��E[5+4\%CC�MN�j nQkSKA)mZQkn��
2. MM W�le MM ��P\%��r OrtegaE Rheinboldt V#qHk [24],as��
k{k0P�8[?k [1, 17]. �^�_-P�[$8xkrS�r (C,��/	) $?[�Tx`k�r (C,��Q). MM k��V�y=[$v℄A\ g(y |x) 
'|kv

x L:rSs%A\ f(y). rSP�gvk y ∈ R
d, +�w~ g(x |x) = f(x) E4.w~ g(y |x) ≥ f(y) kLH�+4k MM Pt!lkz℄:|ek

xk+1 := arg min
y∈S

g(y |xk). (2)k�
f(xk+1) ≤ g(xk+1 |xk) ≤ g(xk |xk) = f(xk), (3)

MM kz℄7�[$!���~s%A\�!I�N� xk+1, Hi�[w~ieK�
Rbk��w~!�MM � SKe��r!.kM2% [16].
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3. �\�WSgP�� MM k�J��j�S~��0k/	A\k�
yX2[5^�OF��[-kL�/b
�' [3, 4, 12, 25, 26] 0�e�
����0��jq 〈a,b〉 &L/P a | b #vkv`�X-[!�[$/	A\ f(y) P~k�b��b�|e~
S P~k�)�gvk x,y ∈ S, v

f(y) ≥ f(x) + 〈∇f(x),y − x〉. (4)
 f(x) 
Q/	w~!�b d2f(x) �gvk x ���|E�jP~k	b d2f(x) �gvk x ��|E�jPP#~k��5n�P f(y) 
	 Taylor (k<) �))mq!=:�l+nK (4) k[$$��<�!=:�l+nK (4) X,Q4x�!M2%k[$x�kDVw~�v x ∈ S P f(y) 
 S 5k�!b2v�b��b�gv y ∈ S

〈∇f(x),y − x〉 ≥ 0. (5)$5q^�h[$�/'/ S �DPI5�k��jy=X2}nC [16] :�[�
�q PΩ(x) &L x k}ne[$ Ω ⊂ R
d.t|e�PΩ(x) K

PΩ(x) := argmin
y∈Ω

‖x − y‖.,< Ω P R
d k�~�� PΩ(x) V
��[��[-�}nC�gvk x,y ∈ R

d v
‖PΩ(x) − PΩ(y)‖ ≤ ‖x − y‖,ejP�9�k�$ ��9��CPIHk�b Ω P[$IC�Euclid ��:�l�℄�3vE�}nC PΩ(x) v$Kk+K��`�`O>�ℓ1 ����|"��n�V
6bk PΩ(x) k [10, 20].}nCE&?A\y=o�LnK ∇d(x, C)2 = 2[x−PC(x)] 	k�+4��$OFk[$%Ak n/b
�' [12, p. 181] 0�e�. d(x, C)2 > 0, �MK�'H

∇d(x, C) = ∇
√

d(x, C)2 =
x − PC(x)

d(x, C)
.
 C ky.�Kn$ ∇d(x, C) = 0. +��
 C k �v+z� d(x, C) k/	A�

4. Heron �|W^ MM yZk�j�sQ[v��kk��j��r (1)  7� Simpson >K�
minimizeD(x) :=

k
∑

i=1

γid(x, Ci) I�Tx ∈ S, (6)�, [23] g�gk��r (6) ;de�k�5 γi |&? d(x, Ci) k~LH��jV#���xgvk i, b S
⋂

Ci = ∅ E�r (6) k MM ��QN����jbNL�([�k�7 (, S |[$℄�$ Ci +�) Y!^K�
Fz0
QrS+nKP/�k�k�j/bH MM kb2S-8We���
�jk<-0CVO$+nkrS+nK:ie[$
QrS+nK�$�S&?A\k|e/ies 1 $x`krS+nK
d(x, Ci) ≤ ‖x− PCi

(xm)‖.
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s 2 $PA\ √
u 
�v (0,∞) 5krS+nK

√
u ≤ √

um +
1

2
√
um

(u − um). (7)�O$rS+nKkLH7�[$
QrS+nK
d(x, Ci) ≤ ‖xm − PCi

(xm)‖ +
‖x− PCi

(xm)‖2 − ‖xm − PCi
(xm)‖2

2‖xm − PCi
(xm)‖ . (8)��5rS+nK4x i �E7�Q D(x) k[$
QrS+nKEM3k MM o:

ψ(x) = arg min
z∈S

{

1

2

k
∑

i=1

wi‖z− PCi
(x)‖2

}

,�0�5 wi = γi‖x − PCi
(x)‖−1. b Ci P`�a� S = R

d E�o: ψ(x)  P
Fermat-Weber �rk Weiszfeld  [28, 29].!0Hk D(x) k
QrS+nK/ 7�

g(x |xm) =
1

2

( k
∑

i=1

wi

)

∥

∥

∥
x−

∑

i

αiPCi
(xm)

∥

∥

∥

2

+ c,�0
αi =

wi
∑k

i=1 wi℄;x�5 wi = γi‖xm − PCi
(xm)‖−1, c P+℄;x x k8\�kP�MM (9/xS���gQkz℄}neH Ci 5k~LH�	}ne S 5	qmD&L�e�
xm+1 = PS

[

∑

i

αiPCi
(xm)

]

. (9)b xm Yx Ci E�rS+nK (8) ;deJb 0 k�r��	vXzU8s Weiszfeld ���kP�s%A\k"~��Q!l��2k�k ǫ, q+4A\
Dǫ(x) =

k
∑

j=1

γj

√

d(x, Cj)2 + ǫx`qvWA\ D(x). Ben-Tal E Teboulle 
�' [2] 0'HQ�4"~2^k�[-CC�
'G�7!�54e7QA\ fǫ(u) =
√
u2 + ǫ v\

f ′
ǫ(u) =

u√
u2 + ǫ

, f ′′
ǫ (u) =

ǫ

(u2 + ǫ)3/2
,gb
�v [0,∞) 5 fǫ PP#u�EP#~k�kP�A\ Dǫ(x) XP~k�k�

√
u2 + ǫ−√

ǫ KBq��Q u ≥ 0, �O$�rkm�PK��k�OF5��j6NY'H Dǫ(x) kM2%v�x D(x) kM2%v�b ǫ �/x 0 E�
V
�$b2%k�7!��4^�D� 7�$v�
#b�z℄ xm krS+nK d(x, Cj) ≤ ‖x− PCj
(xm)‖ 7�QrS+nK

√

d(x, Cj)2 + ǫ ≤
√

‖x− PCj
(xm)‖2 + ǫ.mqrS+K (7) d�B�[-rS
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Dǫ(x) ≤ 1

2

k
∑

j=1

γj

‖x − PCj
(xm)‖2

√

‖xm − PCj
(xm)‖2 + ǫ

+ c,�0 c P[$++4k8\�JQ[$5(�+mk MM (9 xm+1 zb�k MM k(9 (9) P[Uk��$5(
x�5 wi %
|e�Bk+;d	vk+K
wj =

γj
√

‖xm − PCj
(xm)‖2 + ǫ

.

5. 	n�!l-℄q 4 $CC^n MM kAzE/-�j��kSK�
�$��0�Qo� [22] PP�[$^A��℄;x(9
xm+1 = PS

[

xm − ηm

k
∑

i=1

γivim

]

,�0
vim =







xm−PCi
(xm)

d(xm,Ci)
/ xm /∈ Ci,

0, / xm ∈ Ci.��8\ ηm K ∑∞
m=1 ηm = ∞ E ∑∞

m=1 η
2
m <∞. 
gvkCC (MN[$J�) 0�5 γi �nx 1.

5.1 R
3 � 5 ℄o[}buVm�s 1 $CCP�E1-�' [22]. P0CC;d 9nx 2, 0;� (0,−4, 0),

(−4, 2,−3), (−3,−4, 2), (−5, 4, 4) E (−1, 8, 1) k 5 $E�t Ci. H S P[$0;�
(0, 2, 0), ��� 1 k��z℄)J
v x1 = (0, 2, 0) ∈ S Eq-9� ηm = 1/m kQo��& 1 $LQq ǫ = 0 k MM z℄�
z℄ 30 Q�
ySKe_����P����& 2 &n1\% (x1, x2, x3) 
Qo�z℄ 106 QN*
$S��Qx#
{��jB^Q�Ez[�' [22] 0ks 2 $CC�e
 R

2 0k 4 $��>E[$��kCC�
�$CC0�MM rxQo�kr�AzU�8n$�' 1 R3 1F�uF�lDD�MM dÆ{^ x1 x2 x3

1 0.00000000000000 2.00000000000000 0.00000000000000

2 −0.93546738305698 1.66164748416805 0.10207032020482

3 −0.92881282698649 1.63915389878166 0.08424264751830

4 −0.92645373003448 1.63220797263449 0.08007815377225

5 −0.92567602259658 1.63004821970935 0.07911751670489

6 −0.92542515217106 1.62937435413374 0.07889815178685

7 −0.92534495711879 1.62916364685109 0.07884864943702

8 −0.92531944712805 1.62909766226627 0.07883765997470

9 −0.92531135783449 1.62907697582185 0.07883527888603

10 −0.92530879826106 1.62907048520349 0.07883478238381

20 −0.92530761702316 1.62906751412014 0.07883466748783

30 −0.92530761701184 1.62906751409212 0.07883466748878

50 −0.92530761701184 1.62906751409212 0.07883466748878
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' 2 R3 1F�uF�lDD�Rp�dÆ{^ x1 x2 x3

1 0.00000000000000 2.00000000000000 0.00000000000000

10 −0.92583298353433 1.63051788239768 0.07947484741743

100 −0.92531325048300 1.62908232435160 0.07883822912883

1000 −0.92530767419684 1.62906766065418 0.07883468589312

10000 −0.92530761758555 1.62906751554109 0.07883466757273

100000 −0.92530761701755 1.62906751410641 0.07883466748904

1000000 −0.92530761701233 1.62906751409334 0.07883466748881

1500000 −0.92530761701231 1.62906751409328 0.07883466748881

2000000 −0.92530761701229 1.62906751409324 0.07883466748881

5.2 � R
2 �U 3 ℄�tV�fX�$CC�E�' [21], j^nQq[�T��A\ Dǫm

(x) kb2Skrv�H Ci P
 R
2 3 $0;� (0, 2), (2, 0) E (−2, 0) k`��	H S nx R

2. M2&?H%
 (0, 1), �K+y=w3�' [21] pr 4.3 krSw~:T �� 1 $LQ 50 $+zkH� (v) %Ejj+mkz℄\�k+~v (��>). SB
m w\���jY ǫm � max{10−m, 10−16}. b�k�rk���![$�rkGJv�gvk\�)JSKe (0, 1) !lk[$v� Nt/ (0, 1) ���Bq�{q�o ǫ k2^�`��k MM z℄yg$iK+�& 3 $LQSv (5, 7) )JkQo�E MM z℄� � 1 � R2 1O�f 3 %��lN�w' 3 R2 1Tw (5, 7) I�l 3 %��DDRp�dÆ MM dÆ{^ x1 x2 {^ x1 x2

10 0.7092649 1.2369866 10 0.2674080 0.7570688

100 0.0558764 0.9973310 100 0.0000000 0.7249706

1,000 0.0046862 0.9993844 1,000 0.0000000 0.9998002

10,000 0.0003955 0.9999274 1,800 0.0000000 0.9999999

100,000 0.0000334 0.9999957 1,850 0.0000000 1.0000000

1,000,000 0.0000028 0.9999998 1,900 0.0000000 1.0000000

5.3 � R
2 �VvX_��t
�A��j#C^nbv�x[$b5kE MM k?��-℄ R

2 50;� (2, 0) E (−2, 0) O$`���)� S P0;��vk`���SB)�S (−1, 0) R=e (1, 0), v[�Tk��/t�' [22] q*k|� 3.2 kMrAw~:wT� � 2$LHQ 100 Q+zkG% (v) z℄\�E�+mk+~v (��>). 
�$CC0�
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�j� ǫ = 0. e z℄+z� SK���5/b
�$$v#vMU��4?�P+z
Fz054ek�℄;xhjkH�v�x`z℄SKe+zk+~v�& 4 ��QQo��E MM tv (1.5, 0.25) H�kz℄�<�O4SKe+zkv�a��+zkb��

� 2 ÆlJI|lDD' 4 R2 11w.*��Tw (1.5, 0.25) I�lDDRp�dÆ MM dÆ{^ x1 x2 {^ x1 x2

10,000 0.9997648 0.0000223 10 0.9941149 0.0001308

100,000 0.9997648 0.0000040 20 0.9941149 0.0000000

1,000,000 0.9997648 0.0000007 30 0.9941149 0.0000000

5.4 Kuhn (kY) �z�jMN[$CCMGPt Kuhn<kk [14],:^nbz℄�- Ci #[E�
WeiszfeldkY,Gx)�e �4O~
Fz0K7���a�j��kGJw~kn�[$P�' [5, 6, 7, 8, 15] ÆU4<k�0�Weiszfeldk} kC��H VardiE Zhangn% [27]59<k�hjk�CQ!�A�a|�jkv$:k+z�
'G�>!�� 3 gLkLC0;de�5 γi �C�
5 kO$v�-
 (59, 0) E (20, 0); O$�5�C� 13 kv��-
 (−20, 48)E
(−20,−48). MqvP�v�Weiszfeld)Jx (44, 0), [Qz℄Nx)
 (20, 0).+���jk MM z℄ (v), 
 ǫ S 0.1

� 3 Weiszfeld ldÆ,TLl\%�s
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�e 0 k�7!�_~5�Q (20.0), 
_���yq 99 -��qSKe (0, 0). & 5 ��Q MM EQo���?k�7�CV<dkP�b ǫ P 0.1 kEM�MM E=��kX�� N
<- ǫ � 0 #N�Xe (0, 0). ��$gP�Qk�r�Qo����F���a�NYZ�yd�' 5 Kuhn �sRp�dÆ MM dÆ{^ x1 x2 {^ x1 x2

10 8.6984831 0.0000000 10 1.9448925 0.0000000

1,000 1.2966354 0.0000000 30 −0.0011998 0.0000000

100,000 0.1845171 0.0000000 60 −0.0012011 0.0000000

10,000,000 0.0259854 0.0000000 90 0.0000000 0.0000000

6. wplq
BU nSKA#��CV�?k-℄M2%P�V
��[�X-[!�[$IHA\
�5V
b2%�kP�b S �v���r (6) vb2%�,< S P��k�vf/bq 1 $℄(� Ci v�v℄�
P�7! D(x) PÆ.
�$de5�
lim‖x‖→∞D(x) = ∞. �,�' [22] 0pr 3.1 'H�Æ.AKb� V
A�tx
D(x) ≤ Dǫ(x), b�:kA� D(x) PÆ.k��"~A� Dǫ(x) XPÆ.k�PN��j�u| S ℄+7[$ Ci Pv�k�P#~A\
~5%v+�[$M2%v�A\ |x| &n�x�[Ak�$D�w~gP+/zP�Vk�
 Fermat-Weber �r0�vAk�~ Ci = {xi} P`�a��A\ D(x) PP#~k�b��bv xi P+-)k��Q�8�$�<��jV� Ci P+-)k�gG5:^�R[w$)M=gvk Ci P+/zk�b k > 2 E
⋂k

i=1 Ci = ∅ E��-)/zF%��jVV� Ci PP#~k�[$H C �^?PP#~k�,<I� C 0O$+zv x E y k)� [x,y] �x C ky.�W'T^�C k �+�?)��[`�a℄��PP#~k�a[$��kIC+PP#~k�sz 6.1 �D��O C1, . . . , Ck �/:�+�(�?%�A D(x) �/:�+��r u<+�kP�Fk�)JÆ x 6= y E α ∈ (0, 1), H
D[αx + (1 − α)y] = αD(x) + (1 − α)D(y), (10)< L��=v xE y k) {sx+(1−s)y : s ∈ R}. vf+7V
[$ Cj Hi L

⋂

Cj = ∅.n(q�x,y E αx + (1 − α)y �a
 Cj #��nK (10) d�B
α‖x − PCj

(x)‖ + (1 − α)‖y − PCj
(y)‖

= ‖αx + (1 − α)y − PCj
[αx + (1 − α)y]‖

≤ ‖αx + (1 − α)y − αPCj
(x) − (1 − α)PCj

(y)‖
≤ α‖x − PCj

(x)‖ + (1 − α)‖y − PCj
(y)‖.txve Cj 5k}nP�[k��5p
0vk+nK\:

PCj
[αx + (1 − α)y] = αPCj

(x) + (1 − α)PCj
(y).

· 228 ·



,< PCj
(x) 6= PCj

(y),� Cj kP#~A��B~LH αPCj
(x)+(1−α)PCj

(y)P Cj ky.�kP��[v+zPe�v αx+(1−α)yM��kv�kP�-℄ PCj
(x) = PCj

(y) = zk/zA�nD/b��
+nK0
‖αx + (1 − α)y − z‖ ≤ α‖x − z‖ + (1 − α)‖y − z‖�b�xr[ t 6= 1 v x − z = t(y − z). �$4�&n�

z =
1

1 − t
x − t

1 − t
yYx L

⋂

Cj , |�jku<e��kP�D(x) PP#~k� ��!:k�<&n�A\ Dǫ(x) S D(x) nBQP#~�kP�b D(x) PP#~E�Dǫ(x) v�[kM2%v�sz 6.2 �D D(x) �/:�+�A Dǫ(x) 3�/:�+��r 3|'d x 6= y E α ∈ (0, 1). P#~ D(x) d�B+7V
[$ j, Hi
d(αx + (1 − α)y, Cj) < αd(x, Cj) + (1 − α)d(y, Cj).tx fǫ(u) =

√
u2 + ǫ P[$P#u�E~kA\�evP#+nK

√

d(αx + (1 − α)y, Cj)2 + ǫ <
√

[αd(x, Cj) + (1 − α)d(y, Cj)]2 + ǫ

≤ α
√

d(x, Cj)2 + ǫ+ (1 − α)
√

d(y, Cj)2 + ǫ.� j �EeiegCk�<� �%
�jA�A\ Dǫ(x) E D(x) kb2%#vk4��sz 6.3 2<! ǫm �< 0 ++n�� ym �&7 Dǫm(x) N(K++n��D y� D(x) �4+M(G-�ym A�'< y. �D D(x) _;3;N(�xrs;+n ym+^-� D(x) +N(K-��r �Q n��`��x'dk x ∈ S E ǫm ≤ 1 -℄+nK
D(ym) ≤ Dǫm

(ym) ≤ Dǫm
(x) ≤ D1(x).SB+mkCGT�b( nQ�GT ym k$vXb2S D(x). k�gq*kGT

ym Pv�k�jSKe�[kb2S%v y. . S Pv�k�� ym �|ePv�k�X[�l�,<'G Cj Pv�k�� D(x) PÆ.k�	�+nK D(ym) ≤ D1(x) UH
ym Pv�k� �

MM kkSKA�`�(xo: ψ(x) ≡ arg min
y
g(y |x) kA/��Q#x1-��j<Z[$x`k Meyer (gW) `ySK|� [19], j
�jq*SK n0
eQ4}Pq�sz 6.4 � f(x) �= S �4;l,G�ψ(x) �2�;+ x ∈ S � ψ(x) 6= x qL f(ψ(x)) < f(x) +& S ) S I+l,Æ48��S�2<w)#	- x0, OI

Lf (x0) ≡ {x ∈ S : f(x) ≤ f(x0)}�Y+�A (a) �;^-� ψ(x) +�0-� (b) limm→∞ ‖xm+1 − xm‖ = 0.
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<d�pr 6.4V��z℄GT xm+1 = ψ(xm) +7V
[$$v�P��,< ψ(x)k+~vP f(x) k[$>vkT�/bE1�H MM kz℄GT (9) SKe f(x) k[$>v�ψ(x) pvv($+~v�!�jT pr 6.4kw~:b2S Dǫ(x). tx S P�k℄ Dǫ(x) PÆ.k�A\
Dǫ(x)
~ S 5PIHk�)�H LDǫ

(x0)�x'GGJv x0 P�k��ko:IHA/t}no:kIHAiH�MN�b x 6= ψ(x)E�jCV n�Dǫ(ψ(x)) < Dǫ(x).V#54e ψ(x) = xb��b MMv℄A\K gǫ(x |x) = miny gǫ(y |x). tx gǫ(y |x)v�[kb2�b x +P ψ k+~vE�+nK gǫ(ψ(x) |x) < gǫ(x |x) P#?E���Hs%A\ Dǫ(x) P!�k�)H MM 
>v�P#`y��j%
l`�o: ψ(x) k+~v P Dǫ(x) k>v�OF5��j� n�O$vP+zk�VOe�[v��jCV�| Dǫ(x) E gǫ(x |y) ko��mi fǫ(u)PP#u�EP#~k�kPA\ fǫ(‖x‖) E fǫ[d(x, Cj)] P~k�($:kOFP��O$A\PIH/	k�b x 6= 0 E�A\ ‖x‖ P/	k�zUq�b x /∈ Cj E�A\
d(x, Cj) P/	k�kP�tMK��j/�(ie

∇fǫ(‖x‖) =
‖x‖

√

‖x‖2 + ǫ

x

‖x‖ =
x

√

‖x‖2 + ǫ
, (11)

∇fǫ[d(x, Cj)] =
d(x, Cj)

√

d(x, Cj)2 + ǫ

x − PCj
(x)

d(x, Cj)
=

x − PCj
(x)

√

d(x, Cj)2 + ǫ
. (12)txIHA�Bq+mk�x 0 kb(��j�_o��x x = 0 E x ∈ Cj Pv|ek����:^��)K

√

‖x‖2 + ǫ−√
ǫ =

√
ǫ

√

1 +
‖x‖2

ǫ
−√

ǫ =
1

2

‖x‖2

√
ǫ

+
√
ǫo

(‖x‖2

ǫ

)&n ∇fǫ(‖0‖) = 0. �N�k�7��)K�
√

d(y, Cj)2 + ǫ−√
ǫ =

1

2

d(y, Cj)
2

√
ǫ

+
√
ǫo

[

d(y, Cj)
2

ǫ

]

,�x x ∈ Cj , d(y, Cj)k� d(y, Cj) = |d(y, Cj)−d(x, Cj)| ≤ ‖y−x‖zU&n ∇fǫ[d(x, Cj)] =

0. kP��� (11)E (12)�gvk x ∈ R
d * ?E�tP/{��O$ Dǫ(x)E gǫ(x |y)
 R

d 5P/	k��o��(�
∇Dǫ(x) =

k
∑

j=1

γj

x − PCj
(x)

√

d(x, Cj)2 + ǫE
∇gǫ(x |y) =

k
∑

j=1

γj

x − PCj
(y)

√

d(y, Cj)2 + ǫ
. (13)<d y ∈ S 
 S 5b2S Dǫ(x), b��b�gvk x ∈ S v

k
∑

j=1

γj

〈y − PCj
(y),x − y〉

√

d(y, Cj)2 + ǫ
≥ 0.
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�$+nKnzx�gvk x ∈ S ?Ek+nK
〈∇gǫ(y |y), x − y〉 ≥ 0,	P+nK?E�b��b y P ψ(x) k[$+~v�. D(x) PP#~k�� Dǫ(x) v�[kM2%�� ψ(x) �v[$+~v�kP�pr 6.3 Epr 6.4 [
&n�y P (6) k[$�,<V
[$GT ǫm �xVEvGT ym �/x y, �gvk x ∈ S K

〈

−
k

∑

j=1

γj

ym − PCj
(ym)

√

d(ym, Cj)2 + ǫm
, x − ym

〉

≤ 0, (14)5lkD�w~/b?��V�,< D(x) �P#~k�P�[$�Vk��Aw3�bH S
⋂

Cj �P3E�5 γj P+zk�7!��j59[i
�' [22] |� 3.2 0'HkMqvn��e P
P#~A�$(P#ku<#!�
7. ex��/�)��q MM k��v[|ki��
�A�8krS+nKPn(mqx

Euclid &?�$(+4�\�CV;pkB}� 	�mq MM ��E�+mk MM Pv4k�+!���v$5k�lG��A��$���mqe*q7Q~��kGn��:v4k\%� Euclid ��k8e Heron �r��jXqHQ[$x`	��k�`:1J MM E Weiszfeld k��k	jA�=`rv/mqe(8�krS�r�MM 
("?.�^kLK�{kKE�hkW~�rkzG{ Q[6q�qx`-k�G�\Krj$2x
N�9kmq��
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